Abstract -We present the experimental generation and analysis of both the intensity and phase of an optical vortex beam originating from a superposition of Airy-vortex beams. A new theoretical proposal is accessible to generate an array of Airy-vortex beams (AiVBs) from a superposition of N identical AiBs symmetrically located with respect to the propagation axis, where each beam is superimposed with OV and are characterized by the same topological charge l. Additionally, a single experimental apparatus enables both the optical generation and reconstruction of computer-generated holograms implemented on a spatial light modulator and its phase analysis by digital holography. The experimental results agreed with the theoretical predictions. The array of Airy-vortex beams has potential applications for trapping and rotating micro-particles in optical tweezers, modulation in optics communications, optical metrology, and others in optics and photonics.
1. Introduction -An optical vortex (OV) is characterized by a helical phase structure that carries orbital angular momentum, whose magnitude depends on the topological charge l. This phase is superimposed onto the beams which lead to a phase singularity at the center of the radiation field, where the phase of the beams is undetermined and its amplitude vanishes [1] . These features have broad application in different areas, including optical trapping [2, 3] , optics communication [4] , optical metrology and quantum information [5] . So far, several optical vortexes have been superimposed and reported with other types of beams, such as Laguerre Gaussian vortex beams [6] , Bessel-vortex beams [7] , and Airy-vortex beams [8] . Since the introduction of Airy beams (AiBs) by Siviloglou and Christodoulides [9, 10] , in recent years it has attracted great interest in optics and atomic physics due to their unusual features such as the ability to remain diffraction-free over long distances while they freely accelerate during propagation. Most recently, several authors have addressed the propagation properties of AiBs superimposed with an OV due to its novel properties and potential applications [8, 11, 12, 13, 14, 15] . On the other hand, several techniques can be used to generate experimentally the vortex beams [8, 16, 14, 13] . The holographic techniques are now well-established techniques for generation of special optical beams (non-diffracting or diffraction-resistant) including OVs [17, 18, 19, 20, 21, 14] . In fact, the computational holography technique with the use of computer-generated holograms and with the development of spatial light modulators (SLMs) has been able to reproduce efficiently many types of optical beams which are difficult to obtain using conventional methods [17, 18, 19, 20] . Also, the digital holography technique has been shown to be effective for analysis of optical wave and optical beam wavefronts [26] . In this work, we propose a novel and an accessible method to generate an array of Airyvortex beams (AiVBs) from a superposition of N identical AiBs symmetrically located with respect to the propagation axis, where each beam is superimposed with OV and are characterized by the same topological charge l. We present a single experimental setup to obtain the beam intensity through the implementation of amplitude computer-generated holograms (CGHs) in spatial light modulators (SLM) and the phase analysis by digital holography (DH). These results are in agreement with the corresponding theoretical analytical solutions and they present excellent prospects for applications in optical manipulation techniques.
2. Theoretical background -At the plane (z = 0), the field distribution of 2D Airy beams propagating with finite energy and superimposed by an l-order OV can be expressed as [10, 11] ,
where (s x = x/x 0 , s y = y/y 0 ) is dimensionless transverse coordinates, ξ = z/kw 2 0 is a normalized propagation distance, Ai is the Airy function, a is a positive quantity to guaranty finite energy, and w 0 is an arbitrary transverse scale. s x d = x d /w 0 and s y d = y d /w 0 where x d and y d denote the displacement of the singularity from the origin along the x-y axes. The scalar field ψ (x, y, z) can be calculated through Huygens-Fresnel integral which determines the field at a distance z as a function of the field at z = 0, that is [27, 28] .
We consider N AiVBs, through a θ = 2π/N degree rotation of Eq. 1 in the transverse plane. We obtain a set of N rotated AiVBs which accelerate mutually in opposite directions [29] . The field of the resulting AiVBs can be described as
where ψ j is the jth AiVB, N is the number of beams in the superposition and (s x j , s y j ) are the transversal coordinates of the jth AiVB and are given by
the angle θ j = 2(j − 1)/N denotes the angle of rotation around the z-axis. For l = 1, the analytical complex field distribution of the jth AiVBs can be expressed as
where
where Ai(1, D jm ) is the first derivative of the Airy function.
, and
The component P j1 , represents a jth conventional AiVB after propagating a distance z. The term P j2 denotes the profile of the jth AiB with the y component described by the combination of Airy function and its derivative. P j3 is similar to P j2 with an exchange of the x and y coordinates, and a phase difference of π/2 [11, 12] . In Figure 1 illustrate the characteristics of this type of optical vortex beam originating from an array of Airy-vortex beams (AiVBs) from a superposition of N identical AiBs symmetrically located with respect to the propagation axis, where each beam is superimposed with OV and are characterized by the same topological charge l. The Figure 1 shows the cross-section intensity distribution (background intensity) of the AiVBs with N = 4 and topological charge l = 2 for a = 0.5 (top row) and a = 1 (bottom row) for different planes along of the propagation direction. This is obtained by transverse Poynting vector s ⊥ = s x + s y [30] . The direction and magnitude of the arrows (white) represent the direction and magnitude of the energy flow in the transverse plane. Initially, the energy flow exhibits clockwise rotation and change dynamically during propagation while each AiVBs is accelerated in the opposite direction with a slight deviation from the conventional AiBs [11] . Note, that the energy density in the central region increases with the propagation distance, which is due to the process of auto-focusing of the fields. On the other hand, the density energy in the outer region for a = 1 is less than that for a = 0.5, due to different finite energy parameters of the AiVBs.
Experimental generation and analysis of Airy-vortex beams via holographic methods
3.1. Optical reconstruction of Airy-vortex beams using CGH via SLM -The holographic computational methods are now a well established technique for generation and characterization of special optical beams and structured light, particularly non-diffracting beams and with orbital angular momentum. The computer-generated holograms of these special beams are calculated and implemented in spatial light modulators and reconstructed optically in a holographic setup. Particularly, these methods have generated experimental results of high quality and fidelity optical beams reconstruction compared to the theoretical predicted, because the holographic technique is an extremely accurate tool in the reconstruction of amplitude and phase of optical waves. Particularly, in this work to generate experimentally via a computational holographic technique the AiVBs we built a CGH from the Eq. 5, which is optically reconstructed using an SLM [19, 20, 31] . The computer-generated hologram is calculated using an amplitude function which consists in varying the coefficient of transmission or reflection of the medium from the following amplitude function
where a (x, y) is the amplitude and φ (x, y) is phase of the complex field, (ξ, η) is a spacial frequency of the plane wave using as reference and β (x, y) = [1 + a 2 (x, y)] /2 is the function bias taken as a soft envelope of the amplitude a (x, y). The plane wave of reference is off-axis and introduces frequencies that separate the different orders of the encoded field.
3.2. Phase analysis of Airy-vortex beams using Digital Holography -The characterization of the phase distribution of this type of special beam has been made interferometric and holographic techniques [26, 32, 25, 22, 23, 24] . Particularly in this work, the phase distribution was made via digital holography using the angular spectrum method. The computational reconstruction of the digital holograms of phase and intensity of the non-diffracting beams can be made by the Angular Spectrum method, where A(k ξ , k η , z = 0) is the angular spectrum of the hologram is obtained [26] . The angular spectrum is defined as the Fourier Transform of the digital hologram:
where, k ξ and k η are the spatial frequencies of ξ and η. E(ξ 0 , η 0 , 0) is the complex amplitude of the digital hologram. Through an inverse Fourier Transform, the field correspondent to this plane is calculated E H (x, y). This calculation results in a matrix of complex numbers and the phase of the object wave can be determined [26, 32, 25] :
3.3. Experimental setup -The Fig. 2 shows the experimental holographic setup for generation and characterization of AiVBs. Experimental holographic setup for optical generation via CGHs and analysis of phase distribution using DH. Where the laser is He-Ne (632.8nm); SF is a spatial filter; L1, L2, and L3 are lens; P 1 , P 2 and P 3 are polarizers; M are mirrors; BS are beam-splitter; SLM is a reflective spatial light modulator; ID is the mask; and CCD is the camera for image acquisition.
In the generation of the fields, the recording and reconstruction process are made numerically and optically, respectively. The He-Ne laser beam (λ = 632.8nm), is expanded by the spatial filters SF and collimated by the lens L1, incident perpendicularly on the surface of the SLM (Model LC −R1080, Holoeye Photonics), with a display of 1980×1200 and pixel size 8.1µm) which is placed at the input plane (focus of lens L2). To obtain an amplitude modulation, the optical axis of polarizer P 1 is aligned forming an angle of 0
• and of the polarizer P 2 in 90
• with relation to the axis y of the SLM. A 4f system composed of two lenses (L2 and L3) allows select the correct diffraction order of the reconstructed (diffracted) beam. The mask ID, placed at the Fourier plane, is used to block the undesired higher diffraction orders [19, 20] . Finally, the desired beam is acquired by a CCD camera which is parallel-aligned to the propagation axis of the beam. And, for phase analysis by DH, the recording and reconstruction process is made optically and numerically respectively. In this case, for an optical recording of the holograms we coupled the experimental apparatus for the generation of optical beams to a Mach-Zehnder interferometer using a beam-splitter (BS) at the output of the lens L 1 (the mirror M guarantees the same optical path difference in the interferometer), which results in the digital hologram. The optical beams are finally reconstructed numerically using the digital hologram obtaining information of its phase distribution. The computational reconstruction of the digital holograms of phase and intensity of the non-diffracting beams can be made by the Angular Spectrum method, where the angular spectrum of the hologram is obtained, see [26] .
4. Results and Discussion -For optical generation of Airy beams was used the experimental setup Fig. 2 . Initially, we build a CGH of the field described by Eq. 5 from the Eq. 10 adopting the carrier of frequencies η = ξ = ∆p/5 for the plane wave of reference, where ∆p = 1/δp is the bandwidth and δp is the individual pixel size (8.1µm).
As an example for this method, consider a superposition of AiVBs formed by N AiVBs where each vortex propagates along the z-axis with the same topological charge l and characterized by the following parameters: λ = 632.8nm, a = 1, w 0 = 50µm and x d = y d = 0. We illustrate three examples below.
First example (N = 2; l = 1): A superposition with two AiVBs and each vortex have topological charge l = 1. The dynamic propagation of the normalized intensity distribution can be simulated as shown in Fig. 3(a) . The corresponding experimental result, obtained by optical reconstruction of CGH, shown in Fig. 3(b) , agrees with the theoretical predictions. Two petals of the intensity profile, generated by the superposition of the AiVBs can be observed. In Figs. 3(c) -(e) the theoretical phase distribution taken at the respective locations (except for z = 0), can be compared to the experimental results obtained numerically by digital holography in Figs. 3(f ) -(h). Third example (N = 6; l = 2): Lastly, a superposition with six AiVBs and each vortex have topological charge l = 2. Fig. 5 (a)-(b) and 5 (c)-(h) shows both the theoretical and experimental results of the dynamic propagation of the normalized intensity and phase distribution respectively. For the three illustrated examples of AiVBs, the experimental results are in agreement with those predicted theoretically. Also, note that the gap between the intensity peaks, which is formed by OV superimposed, become larger with the increase of the topological charge, as well as, the number of the petals on the intensity profile with the number of the AiVBs. However, the center region of null intensity disappears with the propagation distance. Moreover, the phase distribution analysis allows to determine the position of each vortex (singularity point) and the sign of the topological charge is determined by the handedness in which the phase increases. Note that each vortex beams in the superposition rotates in a counterclockwise direction, where the speed and sense rotation depends on the topological charge [11, 14] , and its separation increases with the propagation distance due to the trajectory which occur in the opposite direction, and which is similar to the parabolic trajectory of the AiBs [11] . This work presents a novel, straightforward and accessible method to generate an array of Airy-vortex beams (AiVBs) from a superposition of AiBs whereby each beam is superimposed with OV of the same topological charge l. The experimental results are in agreement with the theoretical predictions and the interesting goals of this work was the use of this technique for the complete experimental generation and characterization of intensity and phase of the array of Airy-vortex beams depicted in Figs. 3, 4 and 5. The present work opens an exciting possibility for simultaneous generation and analysis of these beams for applications in optical guiding and trapping of particles. Whereby several optical traps could be generated simultaneously, which would be suitable for trapping and rotating micro-particles, where the phase defines the direction of the moving particles.
4. Conclusions -In summary, this work presents a novel, straightforward and accessible method to generate an array of Airy-vortex beams (AiVBs) from a superposition of AiBs whereby each beam is superimposed with OV of the same topological charge l. Additionally, a single experimental apparatus is proposed allowing both the optical generation of an array of AiVBs via optical reconstruction by CGH using an SLM; and, their phase analysis, by a DH technique. The experimental results are in agreement with the theoretical predictions and the interesting goals of this work was the use of this technique for the complete experimental generation and characterization of intensity and phase of the array of Airy-vortex beams. The present work opens an exciting possibility for simultaneous generation and analysis of these beams for applications in optical guiding and trapping of particles. Whereby several optical traps could be generated simultaneously, which would be suitable for trapping and rotating micro-particles, where the phase defines the direction of the moving particles. Further, others potential interesting scientific and technological applications as in optical communications, through the phase shape is possible identify the number and order of orbital angular momentum used for multiplex information and increase data transmission; and, phase variations in optical metrology.
